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Abstract 



>. 

l/^ , In this paper we consider a Hankel determinant formula for generic solutions of the Painleve II equation. We 

fT^ ■ show that the generating functions for the entries of the Hankel determinants are related to the asymptotic solution 

c7^ ' at infinity of the linear problem of which the Painleve II equation describes the isomonodromic deformations. 

\o' 
o 

^ 1 Introduction 

P5 ' The Painleve II equation (Pn), 

^ • where a is a parameter, is one of the most important equations in the theory of nonlinear integrable systems. 
k> ] It is well-known that Pn admits unique rational solution when a is a half-integer, and one-parameter family of 
^ ■ solutions expressible in terms of the solutions of the Airy equation when a is an integer. Otherwise the solution is 
. pi . non-classical II 3l[l4llT7l. 

The rational solutions for PnQ are expressed as logarithmic derivative of the ratio of certain special polyno- 
mials, which are called the ''Yablonski-Vorob'ev polynomials" , I.18iil9j . Yablonski-Vorob'ev polynomials admit 
two determinant formulas, namely, Jacobi-Trudi type and Hankel type. The latter is described as follows: For each 
positive integer N, the unique rational solution for a ~ N + 1/2 is given by 



(Pu „ 3 . . / 1 
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where ctjv is the Hankel determinant 



aN 



a-o Oi • • ■ a^-i 
ai 02 ■ • ■ aN 



a-N-i ajs[ ■ ■ ■ a2N-2 
with a„ = an{x) being polynomials defined by the recurrence relation 

flo — X, 0-1 — 1, 



da„ '^ (2) 



fc=0 



The Jacobi-Trudi type formula implies that the Yablonski-Vorob'ev polynomials are nothing but the special- 
ization of the Schur functions 1 10|. Then, what does the Hankel determinant formula mean? In order to answer 
this question, a generating function for a„ is constructed in |6|: 

Theorem 1.1 J6^ Let 9{x, t) be an entire function of two variables defined by 

e{x, t) = cxp (2iV3) Ai(t2 - x), (3) 

where Ai(z) is the Airy function. Then there exists an asymptotic expansion 

f) °° 

-log0(a;,i)~^a„(a:)(-2i)-", (4) 

n=0 

fli i — > oo in any proper subsector of the sector \ argt| < 7r/2. 

This result is quite suggestive, because it shows that the Airy functions enter twice in the theory of classical 
solutions of the Pn: 

(i) in the formula |3l 

u= ^logAif2^/^a;V a = 0. 



dx 
the one parameter family of classical solutions of Pn for integer values of a is expressed by Airy functions, 

(ii) in formulae (|3|l, @ the Airy functions generate the entries of determinant formula for the rational solutions. 

In this paper we clarify the nature of this phenomenon. First, we reformulate the Hankel determinant formula 
for generic, namely non-classical, solutions of Pn already found in rH"121. We next construct generating functions 
for the entries of our Hankel determinant formula. We then show that the generating functions are related to the 
asymptotic solution at infinity of the isomonodromic problem introduced by Jimbo and Miwa 1 7 1 . More explicitly, 
the generating functions we construct are represented formally by series in powers of a variable t that does not 
appear in the second Painleve equation. We show that they satisfy two Riccati equations, one in the x variable of 
Pii, the other in the auxiliary variable t. These Riccati equations simultaneously linearise to the two linear systems 
whose compatibility is given by Pn. This is the first time in the literature, to our knowledge, that the construction 
of the isomonodromic deformation problem has been carried out by starting directly from the Painleve equation of 
interest. 

This result explains the appearance of the Airy functions in Theorem ll.il In fact, for rational solutions of Pn, 
the asymptotic solution at infinity of the isomonodromic problem is indeed constructed in terms of Airy functions 

(H1EIE31. 

We expect that the generic solutions of the so-called Painleve II hierarchy OlESI should be expressed by some 
Hankel determinant formula. Of course the generating functions for the entries of Hankel determinant should be 
related to the asymptotic solution at infinity of the isomonodromic problem for the Painleve II hierarchy. We also 
expect that the similar phenomena can be seen for other Painleve equations. We shall discuss these generalizations 
in future publications. 
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2 Hankel Determinant Formula and Isomonodromic Problem 
2.1 Hankel Determinant Formula 

We first prepare the Hankel determinant formula for generic solutions for Pn Q. To show the parameter depen- 
dence explicitly, we denote equation Q as Pii[a]. The formula is based on the fact that the r functions for Pn 
satisfy the Toda equation, 

o-"cr„ - (cr^) =o-„+icr„-l, n G Z, '^d/dx. (5) 



Putting T„ = cTn/iJo so that the r function is normalized as tq = 1, equation ^ is rewritten as 

TnTn-{Tn) = T„+lT„_l - (^^T,^ , T_l=V, Tq = I, Tl = If, n £ Z. (6) 

Then it is known that t„ can be written in terms of Hankel determinant as follows 1121 : 
Proposition 2.1 Let {a„}„gN, {^n}neN be the sequences defined recursively as 



i,j>0 i,j>0 



For any N (L Tj, we define Hankel determinant tn by 



det{a,+j^2)'i.,j<N N > 0, 
TN = { I, TV = 0, (8) 

det(6j+j_2)i,i<|jv| N <0. 



Then tjv satisfies equation ^ 



Since the above formula involves two arbitrary functions Lp and %jj, it can be regarded as the determinant formula 
for general solution of the Toda equation. Imposing appropriate conditions on (p and ip, we obtain determinant 
formula for the solutions of Pn: 

Proposition 2.2 Let ip and if be functions in x satisfying 

^ - — = -2yj^ + 2x, (9) 

ip If 

ip'il) - ifij/ = 2a, (10) 

Then we have the following: 

(i) uq = (logip)' satisfies Pii[a]. 
(ii) u_i — —(log^py satisfies Pu[a — 1]. 

(Hi) UN = ( log li^ii J , where rjv is defined by equation (0, satisfies Pu[a + N]. 



Proof, (i) and (ii) can be directly checked by using the relations (|9} and (I10> . Then (iii) is the reformulation of 
Theorem 4.2 in LIU . I 

2.2 Riccati Equations for Generating Functions 

Consider the generating functions for the entries as the following formal series 

oc oo 

Fo,(a;,i) = ^a„(a:)i-", Goo(x, t) = ^ 6„(a:) i"". (11) 

n=0 n=0 

It follows from the recursion relations Q that the generating functions formally satisfy the Riccati equations. In 
fact, multiplying the recursion relations Q by t^" and take the summation from n = to cxd, we have: 

Proposition 2.3 The generating functions F^^ {x, t) and Goo {x, t) formally satisfy the Riccati equations 

t^ = -^F^ + t^F~t'^, (12) 

ox 

dC 

t^-^-^G'^ + t^G-t^ij, (13) 

ox 

respectively. 



Since Foo and Goo are defined as the formal power series around f ^ cx), it is convenient to derive the differential 
equations with respect to t. In order to do this, the following auxiliary recursion relations are useful. 

Lemma 2.4 Under the condition (|9j and i liOt . a„ and 6„ (n > 0) satisfy the following recursion relations, 

{ipan+2-ip'an+i)' ^2{n + l)ipa„, (14) 

{^bn+2 ~ v'bn+i)' = 2(n + l)ipbn, (15) 

respectively. 

We omit the details of the proof of Lemma lZ4l because it is proved by straight but tedious induction. Multiplying 
equations ( I14t and (I15> by t^" and taking summation over n = to oo, we have the following differential 
equations for F^o and Goo: 

Lemma 2.5 The generating functions Foo and Geo formally satisfy the following differential equations, 



dF OF 

dG dG 

2ipt—- = t{ip' - tip)—- + {ip"t - ip't^ + 2(p)G + t^{ij)tp' + i}j'ip), 
ot ox 



(16) 
(17) 



respectively. 

Eliminating a;-derivatives from equations ( I12> . (I16> . and equations (I13> . (I17> . respectively, we obtain the Riccati 
equations with respect to t: 

Proposition 2.6 The generating functions F^o and Goo formally satisfy the following Riccati equations. 



3F /i/;" 

2t— = -(^' - ti;)F'^ + i^t + 2~t^)F + f{p' + tip), 

2t^ = -(^' - tp)G^ + (^t + 2-t^]G + i\i^' + f^), 
at \ ip ' 



(18) 
(19) 



respectively. 



2.3 Isomonodromic Problem 

The Riccati equations for Foe equations ( I12> and ( I18> are linearized by standard technique, which yield isomon- 
odromic problem for Pn. It is easy to derive the following theorem from the Proposition l2.3l and l2.6l 



Theorem 2.7 (i) It is possible to introduce the functions Yi {x, i), I2 {x, t) consistently as 



t / I dYi t\ _ 2t 



1 dYi 
Yi~dr 



1 r^^2 
4 Vv- 



(20) 



Y2 



1 /dYi tYi 



Then Yi and Y2 satisfy the following linear system for Y = 



Yo 



(21) 



dt 



dx 



Y = AY, A = 


1 t^ Z X 

4 2 2 


-l(i + M_l) 

e z X 
-4+2+2/ 


-Y ^ BY, B = 


z t 
\ V' 2 / 





(22) 



(23) 



where z 



'i\}ip. 



(ii) Similarly, it is possible to introduce the functions Zi(x, t), Z2{x, t) consistently as 

2t 



r I A t f 1 dZi t 



if \Zi dx 2) ifi' — tip 

^ 1 fdYi , tYi 

Zo — — 



1 azi , }_(^_^2 



Zi dt A\ip 



If \ dx 
Then Z\ and Zi satisfy the following linear system for Z = 



(24) 



(25) 



Zi 

Zo 



'-Z^CZ^ c^ 



— Z = DY, D 
ox 



t^ z x 
T ~ 2 ^ 2 



|(t-.o) ^ 



I ( , -z ~1 t Z X 

V-;^{("° + ^)2+"} -4+2 + 2 



2 ^ 

z t 

^ 2 



(26) 



(27) 



Remark 2.8 The linear systems A221 . A231 and A261 . A271 are the isomonodoromic problems for Pi\\a — 1] and 
Pi\[a], respectively l^. For example, compatibility condition for equations i22l and t23l . namely. 



dA dB 
dx dt 



[A,B] = 0, 



gives 



dz 

dx 
du-i 



-2?i_iz — 2a, 



= u_-^ — 2z — 2x, 



dx 

1 dil) 

ip dx 



(28) 



which yields Pii[a — 1] for u_i. This fact also guarantees the consistency of two expressions for Foo in terms of 
Yi in equation i20i . Similar remark holds true for Goo cind Z\. 



Remark 2.9 F^o and Goo of^ ol'>o expressed as. 



Yo 
F — t — G 



t 



z^ 

Zi' 



(29) 



respectively. Conversely, it is obvious that for any solution Yi and Y2 for the linear system \22\ and \23\ . F = 
tY2/Yi satisfies the Riccati equations M21 and M^ (Similar for G). 



Remark 2.10 Theorem M.lM s recovered by putting ijj — \, Lp = x. 

Remark 2.11 Yi can be formally expressed in terms of an by using equation \20\ as 

1 ■^ 1pan+l - ^'dn n 

2 ^ n 

n=l 



Yi = const. X exp ( — t'^ ^ n^ ) ^ " ^^P 



(30) 



which coincides with known asymptotic behavior ofYi around t ^ 00 XTJ . 



3 Solutions of Isomonodromic Problems and Determinant Formula 

In the previous section we have shown that the generating functions Foo and Goo formally satisfy the Riccati 
equations (I12I18> and (I13I19> . and that their linearization yield isomonodromic problems (1221 I23t and ( I26l27t 
for Pii. Now let us consider the converse. We start from the linear system J22> and ( I23> . We have two linearly 
independent solutions around t ^ oo, one of which is related with Foa{x, t). Then, what is another solution? In 
fact, it is well-known that linear system (I22> and (I23> admit the formal solutions around i ^ cx) of the form Q, 



y(i) 
y(2) 



y^ 



(1) 



Y, 



(1) 



(2) 
'(2) 






= exp(-- + -)t^ 



(2) 

(2) 
J/21 



t-l + 



y^ 

y^S 
y?^ 



t-^ + 



t-2 + 



, (31) 
■ (32) 



From Remark IZ91 we see that there are two possible power-series solutions for the Riccati equation ( I18> of the 
form. 



y(i)^i^(i)=i 



K 



(1) 



y^t-^ + 



Y. 



y(2) ^ ^(2) ^^ 11 



(1) 

(2) 



1+yWi-l 



Co + Cit ^ + • ■ • 



(2) 






y-^ yf^-i + . . . 

The above two possibilities of power-series solutions for the Riccati equations are verified directly as follows: 



(33) 
(34) 



Proposition 3.1 The Riccati equation AlSl admits only the following two kinds of power-series solutions around 

t ~ oo; 



n=0 n=0 

Proof. We substitute the expression, 

for some integer p to be determined, into the Riccati equation (I18> . We have: 



(35) 



(36) 



^2(p-n)c„i''+i- 



E^' E 



CkC„ 



^k t^"- 



Y.i^(Y.cuc^At^p+^-'- 



E 

T!=0 






2 ) c^i"-" - ^ c„t^+^-" + t2(<^' + t^) 



n=0 



The leading order should be one of t^P^^, t^^^ and t^. Investigating the balance of these terms, we have p = or 
P = 2. I 

We also have the similar result for the solution of the Riccati equation (I19> : 

Proposition 3.2 The Riccati equation | |79I ) admits only the following two kinds of power-series solutions around 

t r^ oo; 



GW = ^e„r", G(^)=t^^/„r 



(37) 



It is obvious that F'^^ and G'^^ are nothing but our generating functions F^o and Goo, respectively. Then, what 
are F^^^ and G'^' ? In the following, we present two observations regarding this point. First, there are unexpectedly 
simple relations among those functions: 



Proposition 3.3 The following relations holds. 

Proof. Substitute F{x, t) — L a into equation \\%\ . This gives equation \\9\ for G(a:, t) = g{x, — <) by using 

the relation (|9j. Choosing 17(3;, t) = G^^-* (x, t), F{x, t) must be i^^^^ [x, t), since its leading order is t^. We obtain 
the second equation by the similar argument. I 

Second, F^'^> {x, t) and G*-^' (x, t) are also interpreted as generating functions of entries of Hankel determinant 
formula for Pn. Recall that the determinant formula in Proposition l2.1l is for the r sequence t„ — Un/cro so that 
it is normalized as tq = 1. We show that F'^^^(a;,t) and G^^-'(a;,t) correspond to different normalizations of r 
sequence: 

Proposition 3.4 Let 

F^'\x,t)^-—J2dn{-t)-", (39) 

^ n=0 
f2 00 

G(2)(:E,t) = -— ^/„H)-", (40) 

^ n=0 

be formal solutions of the Riccati equations i l72l) .i l7iSt and M3\ . M9\ . respectively. We put 

K_„_i = det(dj+j)jj=i,...,„ (n > 0), k_i = 1, (41) 

On+i = dct(/,+j),j=i,...,„ (n > 0), 01 = 1. (42) 

TTzen k„ anc/ 0„ are related to Tn as 

«„ = Z^ = ^ (n<0), (43) 

e^^I^^I^ (n>0). (44) 

(^ Tl 

To prove Proposition l3.4l we first derive recurrence relations that characterize d„ and /„. By substituting equations 
( I39> and ( I40t into the Riccati equations ( I12t and ( I13> . respectively, we easily obtain the following lemma: 

Lemma 3.5 (i) do and di are given by do — —ip and di = ip', respectively. For n > 2, d„ are characterized 
by the recursion relation, 

1 '^ th"th - (ib'f + tp^^ 

dn = <-i + - E ^'t^"-'^-' ^2 = ^ ^ J ■ (45) 

f n'j /o a«rf /i are given by do = —if and di = ip', respectively. For n > 2, /„ are characterized by the recursion 
relation. 



""' (p'V-((p')'+¥''^ 



fn = fn-1 H 2^ fkfn-k, J2 — 



^tr2 ^ 

Proof of Proposition 13 .41 Consider the Toda equations (|5} and (|6j. Let us put 



(46) 



(47) 



so that f_i = 1. Then it is easy to derive the Toda equation for f^: 

- I 
ip 



(t^„) = r„+ir„_i — r„, (48) 



T-2 = ; , T_l = 1, To = -. (49) 



We have the determinant formula for f„ as. 



a„ 



O-n — "n — 



det(ai+j„2)i.j<n+i n > 0, 

1, ^ n = 0, , (50) 

det(&i+j_2),;j<|„|_i n < 0, 

2^ a,a,, ao = -, (51) 

^ i+J = 7^-2 ^ 

^"-1 + ^ !L ^^^J' ^0 = ■ (52) 

i,3>0 

Now it is obvious from Lemma l331 that 

dj=&j-2 0'>2), K„ = f„ (n<0), (53) 

which proves equation (I41> . Equation ( I42> can be proved in similar manner. I 

We remark that the mysterious relations among the t functions and the solutions of isomonodromic problem in 
Proposition B . 3l and l3 .4l should eventually originate from the symmetry of Pn, but their meaning is not sufficiently 
understood yet. 

4 Summability of the generating function 

To study the growth as n ^ oo of the coefficients a„(a;) (or 6„(a;)) in M\\ we use a theorem proved in ^SJ, based 
on a result by Ramis 1161 . 

Theorem 4.1 Consider the following nonlinear differential equation in the variable s 

H M 

s''+^--^c(s)H + sbis,H), (54) 

as 

where k is a positive integer, c{s) is holomorphic in the neighbourhood of s = and c(0) ^ 0, and b{s, H) is 
holomorphic in the neighbourhood of {s, H) = (0, 0). Then equation \54\ admits one and only one formal solution 
Hf{s) of the form Hf{s) = X]n=i ^nS""- Moreover Hf is k-summable in any direction arg(s) = ?? except a finite 
number of values d. Furthermore the sum of Hf{s) in the direction arg(s) = d is a solution of equation \54\ . 

Equation (I18> can be put into the form (I54> by changing the variable t — - and taking H = F — qq. We obtain 
equation ( I54> with k = 3 and 

1 f. r 2 



c(.)^-^i-:^.^-2.^ 

h{s,H) = — {if {4}" /i) s + 2s^) + if' + siij) - i}' s)lp^ + 2s Lp{%lj - ij' s)H ^ s{4} ~ i)' s)H^ ) 

Applying theorem ITTI we obtain that equation (I18> admits one and only one formal solution Foc{t) of the form 
Foo {t) — X^j^o '^nt"- This formal solution is 3-summable in any direction arg(i) ~ i3 except a finite number of 
values d and its sum in the direction arg(s) = i? is a solution of equation ( I18t . The definition of fc-summability 
implies that Foo{t) is Gevrey of order 3, namely, for each x there exist positive numbers C{x) and K{x) such that 

|a„(a;)| < C{x){n\y^^K{xy\ foralln > 1. 

Clearly, one can prove a similar result for the coefficients dn of the second formal solution i^^^^ of equation (I18> . 
One has to apply theorem lTTI to a new series H defined as H(s) = s^F^^^ — do. 
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